We study noncommutative C * -algebras arising in geometric topology. Our object are Thurston's norms on the second homology of Stallings' fibrations. It is shown that Thurston's norm is a matter of pure algebra, if one looks at the Bratteli diagram of an AF C * -algebra attached to measured geodesic laminations on a compact surface of genus greater or equal to 2. This approach leads to computational gains, since it helps to reduce topological problem to an algebraic one. In particular, we prove that Thurston's norm is a full invariant of Stallings' fibration.
Introduction
The fundamental discovery made in 1986 by W. P. Thurston was a norm on the second homology of 3-dimensional manifolds. Thurston's norm is a measure of complexity of manifold M , which assigns non-negative integers to the elements of group H 2 (M ) = H 2 (M ; Z). If z ∈ H 2 (M ), then a number N (z) is attached such that:
2 is compact surface representing class z}, (1) where χ is the Euler number of X. Mapping N is linear on H 2 (M ) and extends continuously to H 2 (M ; R) as a pseudo-norm (Thurston [14] ). Thurston's norm is a new amazing invariant of M , which can be viewed as generalization of the genus of knot and extension of Dehn's lemma. The nature of N is still a mystery though.
It is interesting that abelian groups with attached linear functions arise in an apparently remote area of the AF C * -algebras, which constitute a core of "noncommutative geometry" (Effros [1] ). Namely, let
be stationary dimension group of an AF C * -algebra. (We refer the reader to lower sections for the definition.) For brevity, we shall identify A ∈ Hom (Z k , Z k ) with the strictly positive integral matrix A, whose Perron-Frobenius eigenvalue is denoted by λ. Let K = Q(λ) be the algebraic number field of degree k, obtained as simple extension of rationals by algebraic number λ. The ring of integers of K we denote by O K and fix an integral basis ω 1 , . . . , ω k in O K . Thus, O K ≃ Z k by the isomorphism of Gauss. Multiplication by α ∈ O K induces a linear operator on the vector space O K :   αω 1 . . . 
where a ij are rational integers. Define a mapping T : Z k → Z by the formula α → a 11 + . . . + a kk for any α ∈ O K . It is not hard to check that T is linear and does not depend on the choice of integral basis (Weyl [18] ). Preimage T −1 (Z + ) of the semi-group Z + = {0, 1, 2, . . .} is a cone C ⊂ Z k , which consists of "positive" elements of dimension group (2) (Effros [1] , Handelman [6] ).
The aim of this note is to show that T and Thurston's norm N are related, being part of a noncommutative phenomenon. Namely, let ϕ : X → X be a pseudo-Anosov diffeomorphism of compact surface of genus g. Consider a 3-dimensional manifold
which is the mapping torus with monodromy ϕ. In this case, M is total space of a fibre bundle over S 1 (Stallings' fibration) . Take this data and construct a crossed product C * -algebra
where C(X) is the C * -algebra of continuous complex-valued functions on X. C * -algebra U ϕ is noncommutative and has the standard Gelfand-Naimark representation as algebra of bounded linear operators on a Hilbert space H. In spite of dim representation theory, U ϕ has an unexpectedly simple and beautiful K-theory 1 (Rørdam, Larsen and Laustsen [12] ). The K 0 -group of U ϕ (called the Elliott group) is isomorphic to the dimension group given by stationary diagram (2) with k = 2g ( [9] ).
Thurston's norms of Stallings' fibrations M → S 1 have been studied by Thurston himself; cf §3 of ( [14] ). Note that Rank H 2 (M ) = b 1 (M ), where b 1 (M ) is the first Betti number of M . On the other hand, the short exact
, where ϕ * is the action of ϕ on H 1 (X) ≃ Z 2g . Thus, 1 ≤ b 1 (M ) ≤ 2g + 1 and we assume b 1 (M ) taking its maximal value.
For Stallings' fibrations, mapping N : H 2 (M ) → Z admits an elegant description in terms of Euler's classes of 2-plane bundles tangent to the fibres of M (see Section 2.3.4). Tischler showed that Stallings' fibrations are compatible with foliations given by closed differential 1-forms. Continuous families of such foliations shape a cone C ⊂ H 1 (M ; R). Thurston proved that
where N is Thurston's norm on the space H 1 (M ; R) taken as the Poincaré dual of H 2 (M ; R). Further references can be found in Fried ([3] ), Stallings ([13] ), Thurston ([14] ), Tischler ([17] ) and others.
It seems interesting to apply noncommutative analysis (by which we mean C * -algebra U ϕ ) in computations of Thurston's norm N and Tischler's cone C. Note that in spite of obvious progress, determination of N and C resists direct topological methods ( [14] ). This note is a modest attempt to resolve this question by proving the following statements. 
(iii) T coincides with the Thurston norm on C.
Corollary 1 Thurston norm is a complete invariant of M .
The structure of this note is the following. In Section 2 we introduce notation and necessary lemmas. Theorem 1 and Corollary 1 are proved in Section 3.
Notation
This section is a brief introduction to dimension groups, algebraic number fields and Thurston norm on the 3-dimensional manifolds. We refer the reader to M. Rørdam 
Dimension groups
By the C * -algebra one understands a noncommutative Banach algebra with an involution ( [12] ). Namely, a C * -algebra A is an algebra over C with a norm a → ||a|| and an involution a → a * , a ∈ A, such that A is complete with respect to the norm, and such that ||ab|| ≤ ||a|| ||b|| and ||a * a|| = ||a|| 2 for every a, b ∈ A. If A is commutative, then the Gelfand theorem says that A is isometrically * -isomorphic to the C * -algebra C 0 (X) of continuous complexvalued functions on a locally compact Hausdorff space X. For otherwise, A represents a "noncommutative" topological space X.
K 0 and Elliott groups
Given a C * -algebra, A, consider new C * -algebra M n (A), i.e. the matrix algebra over A. There exists a remarkable semi-group, A + , connected to the set of projections in algebra M ∞ = ∪ 
AF C * -algebras
An AF (approximately finite-dimensional) algebra is defined to be a norm closure of an ascending sequence of the finite dimensional algebras M n 's, where M n is an algebra of n × n matrices with the entries in C. Here the index
be a chain of algebras and their homomorphisms. A set-theoretic limit A = lim M n has a natural algebraic structure given by the formula
The homeomorphisms of the above (multi-matrix) algebras admit a canonical description (Effros [1] ). Suppose that p, q ∈ N and k ∈ Z + are such numbers that kq ≤ p. Let us define a homomorphism ϕ : M q → M p by the formula
where
, respectively, and Φ = (φ kl ) is a r × s matrix with the entries in Z + such that Φ(q) ≤ p, then the homomorphism ϕ is defined by the formula:
where Φ(q) + h = p. We say that ϕ is a canonical homomorphism between M p and M q . Any homomorphism ϕ :
Bratteli diagrams
Graphical presentation of the canonical homomorphism is called Bratteli diagram. Every "block" of such diagram is a bipartite graph with r × s matrix Φ = (φ kl ). In general, Bratteli diagram is given by a vertex set V and edge set E such that V is an infinite disjoint union V 1 ⊔ V 2 ⊔ . . ., where each V i has cardinality n. Any pair V i−1 , V i defines a non-empty set E i ⊂ E of edges with a pair of range and source functions r, s such that r(E i ) ⊆ V i and s(E i ) ⊆ V i−1 . The non-negative integral matrix of "incidences" (φ ij ) shows how many edges there are between the k-th vertex in row V i−1 and l-th vertex in row V i . Bratteli diagram is called stationary if (φ kl ) is a constant square matrix for all i = 1, . . . , ∞.
Number fields
Let Q be the field of rational numbers. Let α ∈ Q be an algebraic number over Q, i.e. root of polynomial equation
where a i ∈ Q. A (simple) algebraic extension of degree n is a minimal field K = K(α) which contains both Q and α. Note that coefficients a i can be assumed integer. If K is an algebraic extension of degree n over Q, then K is isomorphic to n-dimensional vector space (over Q) with basis vectors {1, α, . . . , α n−1 } (Pollard [11] ).
Ring of integers
Let K be an algebraic extension of degree n over Q. The element τ ∈ K is called algebraic integer if there exits monic polynomial
where a i ∈ Z. It can be easily verified that the sum and product of two algebraic integers is an algebraic integer. 
Traces
Let K be a number field of degree n. Then there exists n isomorphic embeddings (monomorphisms) K → C (McCarthy [7] ). We denote them by σ 1 , . . . , σ n . If α ∈ K then one defines a trace by the formula 2 :
When α is an algebraic integer, then T (α) is rational integer. If p, q ∈ Z, then
for all α, β ∈ K. It is not hard to see that formula (13) establishes a homomorphism T : O K ≃ Z n → Z which does not depend on the choice of integral basis in O K (McCarthy [7] , Weyl [18] ).
3-manifolds
Let M be a compact oriented 3-manifold. Suppose that the second homology group H 2 (M ; Z) is non-trivial. There exists a linear mapping of this group into the set of positive integers which is given by the following construction of W. P. Thurston ([14] ).
Thurston norm
Let X be connected surface of genus g ≥ 0. Denote χ(X) its Euler characteristic, i.e. an integer number 2 − 2g. The "negative part" of χ(X) is defined as χ − (X) = max{0, −χ(X)}. If X is not connected, one introduces χ − (X) as the sum of negative parts of connected components of X. For a cycle z ∈ H 2 (M ; Z) consider non-negative integer N (z) = inf{χ − (X) | X is an embedded surface representing z}.
N (z) is called Thurston norm. Given two such cycles z 1 and z 2 , let X 1 and X 2 be surfaces representing them. There exists a unique way to mend X 1 and X 2 together to obtain new embedded surface X, such that χ − (X) = χ − (X 1 ) + χ − (X 2 ) (Thurston [14] ). Thus, N (z) = N (z 1 ) + N (z 2 ) extends linearly to the entire group H 2 (M ; Z). (In fact, N extends to the real homology group, where it becomes a pseudo-norm.)
Pseudo-Anosov diffeomorphisms
Let X be a surface of genus g ≥ 2. Denote by Mod X = Dif f X/Dif f 0 X the mapping class group of X, i.e. group of isotopy classes of the orientation preserving diffeomorphisms of X. The following classification of Mod X is due to J. Nielsen and W. P. Thurston.
Lemma 1 Any diffeomorphism ϕ ∈ Mod X is isotopic to a diffeomorphism ϕ ′ , such that either (i) ϕ
′ has finite order, or
reducible by a system of curves Γ surrounded by small tubular neighborhoods N (Γ), such that on M \N (Γ) ϕ ′ satisfies either (i) or (ii).

Proof. See Thurston ([15]).
Mapping torus
Let ϕ : X → X be a diffeomorphism of surface X. One can obtain 3-dimensional manifolds M = M (ϕ) by the following identification:
Manifold M is called a mapping torus. It is not hard to see that M is a mapping torus if and only if M → S 1 is fiber bundle over S 1 (Stallings' fibration). If diffeomrphism ϕ ∈ M od X is of finite order, then M will be a Seifert manifold, i.e. circle fibration over X with finite set of "exceptional" fibres. For the case ϕ is pseudo-Anosov, the following wonderful result due to W. P. Thurston is true.
Lemma 2 Mapping torus M admits a hyperbolic structure (i.e. metric of constant negative curvature), if and only if diffeomorphism ϕ is pseudo-Anosov.
Proof. See Thurston ([16] ).
Thurston norm of Stallings' fibrations
It is interesting to relate the Thurston norm N on the second homology with geometry of M . It turns out that in this case N can be expressed in terms of the Euler classes of plane bundle tangent to the fibres of M . Namely, let N * be "dual" Thurston norm defined on the first homology H 1 (M ; Z) by the formula 
Proof
Proof of Theorem 1
First, let us specify what we mean by "algebraically defined" mapping T . Given fibration M → S 1 whose monodromy is pseudo-Anosov, one can relate a hyperbolic metric. The "convex hull" of the limit set Λ ⊂ S 2 = ∂H 3 of the corresponding Kleinian group was considered by Thurston, Epstein and Marden. The boundary of convex hull is a "pleated surface" in M , whose bending locus is given by "measured geodesic lamination" (Epstein & Marden [2] ).
Phenomenon of "geodesic laminations" admits an exhausting description in terms of the Bratteli diagrams, associated to rank n noncommutative AF C * -algebras. This approach deserves to be called "noncommutative analysis" of the measured geodesic lamination. In particular, lamination of pleated surface corresponding to M , has stationary Bratteli diagram ( [9] ). A bunch of algebraic invariants (such as mapping T itself) which accompany any Bratteli diagram, we call algebraically defined. Let us proceed step-by-step.
(i) Basic steps of construction were described in the introduction. Here we give the details. Let M → S 1 be fibre bundle over the circle, fibre X and monodromy ϕ : X → X. When ϕ is pseudo-Anosov, 3-manifold M admits a hyperbolic metric (Lemma 2).
The hyperbolic 3-space can be modeled in the unit ball
endowed with metric ds = 2dr 1−r 2 , where r = x 2 1 + x 2 2 + x 2 3 . The boundary ∂H 3 = S 2 represents "infinity" of the hyperbolic 3-space. Since M is hyperbolic, its universal cover is simply connected and isomorphic to H 3 . Let us fix a Kleinian group G ∼ = π 1 M such that M = H 3 /G. The limit set Λ ⊂ S 2 of group G is the union of G-invariant points lying at "infinity" of H 3 . Λ is a closed set of Cantor type, which can be thought of as a Peano (sphere-filling) curve (Thurston [16] ). A geodesic convex hull C(Λ) ⊂ H 3 is a minimal set consisting of points of C(Λ) and geodesic arcs joining them. Note that C(Λ) is a 3-dimensional body. The boundary X = ∂C(Λ) is a topological surface (maybe disconnected). Geometrically, X is a "ruled surface" with uncountably many ridges. These ridges coincide with geodesic lines and the whole surface is called "pleated". A geodesic lamination L is a disjoint union of simple geodesics on a compact surface X. Thus, pleated surface X generates a geodesic lamination. The bending of pleated surface along each geodesic defines a "measure" of the lamination (Epstein & Marden [2] , Thurston [16] ).
Suppose that X is a surface of genus g ≥ 2. One can assign a Bratteli diagram of rank 2g to the geodesic lamination L ⊂ X. For that, take a dissection of X into a simple domain by c 1 , . . . , c 2g loops issued from a point p 0 ∈ X. Every simple geodesic γ ∈ L can be successfully labeled by symbols from "alphabet" A = {c 1 , . . . , c 2g } in the order it intersects geometric loops c 1 , . . . , c 2g . The process is known as the Koebe-Morse coding of simple geodesics (Morse & Hedlund [8] ). To obtain a Bratteli diagram (V, E) of rank 2g, it remains to identify the space of infinite paths of the diagram, Spec (V, E), with geodesics γ ∈ L. (This can be accomplished by "marking" each vertex v ∈ V using "letters" from A.) In other words, Spec (V, E) ≃ L as a topological space ( [10] ).
Note that geodesic lamination L of pleated surface X needn't be invariant by action of the Kleinian group G. We know that G(L) = L and G is measure preserving if and only if M is a surface bundle with fibre X and pseudo-Anosov monodromy ϕ : X → X (Epstein & Marden [2] ). In this important special case the Bratteli diagram of L was shown to be stationary ( [9] ).
Let us denote by A a square matrix of rank 2g which is the incidence matrix of stationary Bratteli diagram. It can be assumed without loss of generality that all entries of A are strictly positive integers and det A = 1 (Effros [1] ). Characteristic polynomial
will play important role in the sequel. (For example, P (λ) coincides with the Alexander polynomial of manifold M .) It is known that all except one root of P (λ) lie in the unit disk. The maximal real root λ 0 > 1 is called PerronFrobenius eigenvalue and equals "dilatation" induced by pseudo-Anosov diffeomorphism on the pleated surface X.
We introduce an algebraic number field K = Q(λ 0 ) which is an extension of rationals by algebraic number λ 0 . Note that deg K = 2g. Denote by O K the ring of integers of the field K and fix an integral basis ω 1 , . . . , ω 2g in O K . Thus O K becomes a vector space over Z of dimension 2g. We identify O K with Z 2g and consider "trace" mapping T : O K → Z (Section 2.2). By formula (13) T is a homomorphism T ∈ Hom (Z 2g , Z). The 2-cycles of H 2 (M ; Z) can be seen as generated by the 1-cycles of H 1 (X; Z) and 1-cycles of S 1 . Let us identify H 1 (X; Z) with the (additive abelian) ring O K and extend T to H 2 (M ; Z) ≃ H 1 (X; Z) ⊕ Z so that extensionT is linear and "T -preserving". (In other words,T is a composition of T and projection p :
.) It can be easily seen thatT : H 2 (M ) → Z is the required "algebraic" linear mapping claimed in item (i) of the theorem.
(ii) Let T : H 2 (M ) → Z be linear mapping. To show that the set C = {z ∈ H 2 (M ) | T (z) > 0} is a cone, we have to establish that
Indeed, since T is linear T (cz) = cT (z), where T (z) > 0 by assumption. Therefore, cT (z) > 0 and item (1) follows. Similarly, in item (2) by linearity of T we have
(iii) The proof of item (ii) is based on a lemma of D. Gabai ([4] ). Roughly speaking, we shall first estimate the Gromov norm (simplicial norm) of H 2 (M ) rather than Thurston's norm itself. This approach gives technical advantage, because group of the 2-chains in M has natural abelian structure. Next we use Gabai's lemma to link two norms. Gromov's norm was introduced and studied in ( [5] ).
Let M be a compact manifold and z ∈ H 2 (M ) be an element of (non-trivial) second homology group of M . The Gromov norm g(z) is defined by
where [z] is the homology class of 2-chains and σ 1 , . . . , σ n is a basis of the simplicial decomposition of M . Let us prove the following lemma.
Lemma 4 (Gabai) Suppose M is a compact oriented 3-manifold. Then the Thurston norm N and Gromov norm g are related by the formula: 
where σ the largest hyperbolic k-simplex (Gromov [5] ). Thus, for connected surface X
The formula extends to the case X with more than one connected component and requires "singular norms" x s in this case, see Gabai ([4] ). Eventually, it can be shown that x s = N and one gets inequality g ≤ 2N .
To prove the inequality g ≥ 2N , let z ∈ H 2 (M ) and Z ∈ [z] be a 2-cycle Z = a i σ i , where a i ∈ Z. By pasting singular simplices, one can obtain a proper map f :
Lemma 4 follows.
Fix a simplicial basis σ 1 , . . . , σ n in the group C of 2-chains of the regular triangulation of M . Consider a subset of C
Denote by T : H 2 (M ) → Z + mapping z → g(z) given by Gromov's norm. It is not hard to check that T is linear on K C and K C is a cone in C. Consider the following commutative diagram of linear mappings:
(w is the "doubling map" acting by formula z → 2z). The pull-back map Σ on the diagram is linear. Σ establishes correspondence between bases {σ i } and {ω i }: Σ(σ i ) = ω i . It remains to apply Lemma 4. Item (iii) and Theorem 1 are proved.
Proof of Corollary 1
The idea of the proof is to show that fibre bundle M → S 1 (with pseudoAnosov monodromy) can be "reconstructed" upon its cone C ⊂ H 1 (M ; R) of non-singular closed 1-forms (Lemma 3).
Indeed, suppose M → S 1 is 3-dimensional manifold, which is a mapping torus over pseudo-Anosov diffeomorphism ϕ : X → X. Suppose a cone C ⊂ H 1 (M ; R) consisting of non-singular closed differential 1-forms is fixed. Note that by Lemma 3, Thurston's norm N is linear on C. By the Poincaré duality, we have H 1 (M ; Z) ≃ H 2 (M ; Z) and therefore C ⊂ H 2 (M ) with Thurston's norm N : C → Z + . Let us show that diffeomorphism ϕ is determined (up to conjugacy) by norm N .
For that, take a ring of integers O K , which corresponds to N as it was shown in item (i) of Theorem 1. Together with O K , one gets an integral basis ω 1 , . . . , ω 2g in O K . Clearly,
is an algebraic field of degree 2g. Let P = P [X] be monic polynomial of power 2g with coefficients in Z, such that K is simple algebraic extension of rationals by a root of P . Up to conjugacy by matrices from SL(2g, Z), there exists a unique positive integral matrix A whose characteristic polynomial is equal to P . Thus, one gets a stationary Bratteli diagram with the incidence matrix A. On the other hand, we have shown in ( [9] , Theorem 2) that any stationary Bratteli diagram of rank 2g admits realization by a pseudo-Anosov diffeomorphism ϕ on closed surface of genus g ≥ 2.
